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1. SUMMARY O F  PROGRESS TO DATE 

Or ig ina l  Statement  of Work 

1. Establ ish the ex is tence  of discontinuous ( r e l a y )  m i n i m a s  controls .  

(Large ly  accompl i shed ;  proof ske tched  in p roposa l  s t i l l  s e e m s  

c o r r e c t ,  though i t  i s  planned to e labora te  the proof in a rxore 

exposi tory manner .  ) 

2. Find  sufficient conditions for  uniqueness  of min imax  cont ro ls .  

(Resolved:  a coun te r - e sample  negates  the possibility- of unique- 

n e s s  for  the ( s t r i c t )  "&laye r  min imax p rob lem,  " while the c r i t e r ion  

of controllabiJity afso es t ab l i shes  uniqueness  of (approximating)  

"Lagrangian minimax controls" and the "sub-opt imal"  var ian ts  

thereof d i s c u s s e d  in the past  few P r o g r e s s  Repor ts .  ) 

3. Establish sufficient conditions for  ex is tence  of a min imax  control  

for the o n e - p a r a m e t e r  trade-off case .  

(Definitively completed.  

Report. ) 
See 15  Sep tember  1964 P r o g r e s s  

4. Develop the theory of higher (than quadra t ic )  o r d e r  Liapunov 

functions . . . 
(Largely resolved; see Appendix D below) . . . and  es tab l i sh  tech-  

niques for  computing minimax control  laws.  

(Apparently reso lved ,  in principle - tha t  is, one demons t r ab ly  

possible, though cost ly ,  computat ional  technique h a s  been 

developed, and a n  a l te rna t ive ,  seemingly  far m o r e  economica l  

technique is now being developed; these  a r e  the t enso r i a l  and 

--- 

-.' 

eigenexpansion techniques;  s e e  Sect ions 2 and 4 below. ) 

5. Find r easonab le  cha rac t e r i za t ions  fo r  the c l a s s  of d i s turbances .  

(Completed;  see 15 August 1964 Repor t ,  where in  it is  proved that 

in the (a,+, 6) model  the w o r s t  wind h a s  a "bang-bang" acce le ra t ion  

t ime-his tory ,  while in the (i, 6 ,  4) model, the w o r s t  wind speed 

h a s  a "zig-zag" t i m e  h is tory ;  the n u m b e r s  cha rac t e r i z ing  the 

"wors t  allowable winds" a r e  quite readi ly  computable  f r o m  the 

Liapunov funct ions a l r e a d y  der ived in I t em 4 preceding .  ) 

1 
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2. DEVELOPMENTS W I T H I N  PAST M O N T H  

Appendices A to D es,sentially contain detailed der iva t ions  of 

t h e o r e m s  and cornputer a lgo r i thms  previous ly  r epor t ed  to klSF-C Lvithout 

proof.  

t o  a jou rna l  such as, e. g . ,  the SIAM J o u r n a l  on Control ;  the canonical  

f o r m s  desc r ibed  in Appendix C a r e  fundamental"'  to a l l  of the xvork done 

by Hughes (e. g., both of the previously submit ted pape r s  done under  

t h i s  NASA Contract  which w e r e  recent ly  accepted for presenta t ion  a t  the 

1965 JACC, depend heavily on these  canonical  f o r m s ) .  S imi la r ly ,  

Appendix D r e p r e s e n t s  the f i r s t  d raf t  oi a papcr  \vhose content is  r e g a r d e d  

as f inal ized but whose expos i tory  s ty le  wil l  be improved;  however ,  the 

material contained in Appendix D is the basis for  the c o n t r a c t o r ' s  esti- 

mate that  the item on  "Higher O r d e r  Liapunov Functions" specif ied in 

the or ig ina l  MSFC Statement  of Work is now l a rge ly  accompl ished  and 

w e l l  in hand. 

a l g o r i t h m  for computing ra t iona l  T r a n s f e r  Mat r i ces :  

It i s  felt  that  Appendix C i s  sufficiently polished to  be submit ted 

* 

r 

Likewise,  Appendix B conta ins  a detai led prooi  of the 

Gts) = (SI - A)" 

for 
x * Ax, 

The m a t r i x  G ( s )  has  been r e f e r r e d  to  in all preceding P r o g r e s s  Repor t s .  

F ina l ly ,  Appendix A d e s c r i b e s  the now opera t iona l  Hughes computer  

program fo r  automatical ly  synthesizing closed-loop cont ro l  s y s t e m s  to  

have  a r b i t r a r i l y  pre-spec i f ied  poles.  

p a p e r s  h a s  const i tuted the preponderance  of work  during the pas t  month; 

however ,  all of these  r e s u l t s  have previous ly  been mentioned o r  p ro jec t ed ,  

and  so do not fall into the ca tegory  of "new developments .  " 

The effor t  in p repa r ing  these  

The  pr incipal  unant ic ipated developments  in work  during the pas t  

month are,  briefly,  as follows: 

*It is suggested that  m a s t e r y  of Appendix C will  fac i l i t a te  any 
de ta i led  study of the r e p o r t s  submit ted by Hughes to date .  

2 
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i)  

ii) 

iii) 

A r a d i c a l  reduction has been achieved  in the caxxput ing 

effor t  n e c e s s a r y ,  to solve the p a r t i a l  differentia! e q c a t i o n  

Ax g r a d  + = -4, 

w h e r e  and  a r e  posi t ive-semidei lni te  h o n i > ~ e ~ e a u s  

a l g e b r a i c  forms of d e g r e e  2 u ( u  = 1, 2, 3 ,  . . . ) v i th 

given and  0 to  be found. 

algebra ( in  t e r m s  of which the problem h a s  a costly 

solution) as hi ther to  planned, attention h a s  been tc rned  

to the theory  of eigenfunction espans ions t  v,hich has  

yielded a much m o r e  economical  solution; 

vi 

Instead of re lying o n  tensor  

A major part of the  Hughes t h e o r y  of "bang - coast  - 
bang, t t  "time - optimal,  I '  and "Lagrangian minimax' '  

nonl inear  feedback control  laxvs, a s  h i ther to  repor ted ,  

has r e s t e d  on the theory  of a c e r t a i n  ( n - 1 )  f i r s t  i c teqra ls  - 
and a n  isochrone J all given e x -  n' 

A theore t ica l  re la t ionship 
42' 9 un-l 

plici t ly  in p r i o r  r e p o r t s .  

between ul, . . . , 
mentioned has been found which i t  is hoped may l ead  to 

simpler mechanization oi the nonl inear  feedback control 

lows; 

and the eigeniunction theory  j u s t  ffn 

What seems at this t i m e  t,q,be potentially a minor  "break-  

through" in the "Lagrangian minimax ' '  approach  h a s  

been d i s c o v e r e d ,  in the form of a n  expl ic i t  "closed-form" 

solution of the Hamil ton-Jacobi  equation in a neighborhood 

of the in te rsec t ion  of the o r i g i n  with a hypersur face  of 

singular solutions. 

Items i) a n d  iii) w i l l  be discussed  in m o r e  detai l  in Section 4. 

3 
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. 
3 .  WORK P L A X X E D  F O R  N E X T  MONTH 

c 

i )  M r .  Abichandani \vi11 r epor t  t he  re la t ionship  between MSFC's  

"dr i f t  min imum con t ro l  p r inc  iple, ' I  ar,d what IIughc s h a s  prev ious ly  

c a l l e d  "dominant-pole Synthesis ,  " " m e a n - s q u a r e  dominant pole syn the -  

sis, ' I  and "u l t r a -min imax  cont ro l .  " 

ii) Dr.  Bass and Dr .  G u r a  w i l l  u o r k  on a de ta i led  r e p o r t  on 

A Nonl inear  Canonical  F o r m  fo r  Cor . t rol lable  Sys t ems ,  which \vi11 d e -  

ve lop  fully the n u m e r o u s  f a c t s  abotit " in t eg ra l s "  and  " i sochrones"  

which a r e  b a s i c  to  much of the Xvork a l r e a d y  r e p o r t e d  and even  m o r e  

b a s i c  to  work  planned for  the r e m a i n i n g  f ive months.  

iii) Dr, Bass  and Dr.  Webber wi l l  r e - w r i t e  Appendix D of the 

present report ,  including new material but a iming  chief ly  at g r e a t e r  

L c l a r i t y .  

iv) Dr. Bass and  Dr. Webber \ \ i l l  in i t ia te  a comple t e  r e p o r t  on . H i g h e r  Oider  Liapunov Funct ions  l e  s?ec ia l ly  p r a c t i c a l  solut ion of 

Ax - grad CP = -*, where 9 and \Ir a r e  s u m s  of posi t ive-def ini te  homo- 

geneous oigebraic multinomials), c o v e r i n g  both the  t e n s o r  a l g e b r a i c  

and cigenfunction expans ion  approaches. 

numerically computable descriptions of the state-space d o m a i n s  of 

controllability (s tab i l i ty ) ,  and  of the  al lmvable  e x t e r n a l  d i s t u r b a n c e s  

wi l l  be given. 

v) Mr.  Woodhull wi l l  cont inue to document  the  d ig i ta l  c o m p u t e r  

New geometrical and also 

. *  

program for au tomat i c  s y n t h e s i s  of s t ab le  and /o r  op t ima l  l i nea r ,  l i n e a r -  

saturating, and bang-bang s y s t e m s  (unif ied into a s ingle  new theo ry  as 

p r e v i o u s l y  r epor t ed ) .  

w i th  a comple t e  documenta t ion  of Hughes work ,  but with a FORTRAN 

Program which should be compa t ib l e  wi th  the ex is t ing  MSFC computing 

fa c il itie s . 

It is planned u l t ima te ly  to  p r e s e n t  MSFC not only 

4 

Y 
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4. DESCRIPTION O F  ALL W O R K  P E R F O R M E D  DURIXG MONTH 

+ 

Basical ly ,  the work  per for ined  during the past  month i s  covered  in 

Appendices  A - D. 

However ,  t h e r e  a r e  t w o  important  i tems not fu l ly  c o v e r e d  which 

wil l  be mentioned h e r e .  

The  "Remark"  sec t ion  \vhich concludes  -4ppendis D ske tches  the 

new method to which H u s h e s  h a s  r e c e n t l y  t u r n e d  in s o l v i n g  the basic  

e quat  ion 

&K - g r a d  + Z V  = - + 2 v ,  ( v =  1 , 2 , 3 , .  . . )  

where A is a s tab i l i ty  m a t r i x  a n d  w h e r e  Q 
definite a l g e b r a i c  fo rms  homogeneous in  xt, x2, . . . , x 

(x) and + 
Z U  2 v  

(x) are non-negative 

of d e g r e e  2 V .  
f n 

As an example ,  c o n s i d e r  the rigid-body p r o b l e m  f o r  the n = 5 

s impl i f ica t ion  previous ly  r e p o r t e d  in detai l .  For v = t the  f o r m s  6 and 

L $ ~  are quadra t ic ;  se t t ing  4 2 
familiar matricial equatun 

2 
= x-  Bx and 9, = x-Cx ,  one r e c o v e r s  the 

F3.X t P B  = -c, (El = B*>O, C = C">O), 

the solut ion of which for the e l e m e n t s  B. 

of d i m e n s i o n  

of B involves invert ing a m a t r i x  ik 

N = (1/2)n(n+l) = (1/2)5 6 = 15. 

Now for w = 2, the  f o r m  cb 

coeff ic ient  t e n s o r s  having no fewer  than  

a n d  (CI 2 2 are  quar t ic ,  .and d e t e r m i n e d  by 

N = 70 
* dis t inc t  e l e m e n t s  . 

I .  

Since t h e  i n v e r s i o n  of 70-d imens iona l  m a t r i c e s  is cos t ly ,  a n  

This involves finding N = 70 a l t e r n a t i v e  a p p r o a c h  \vas discovered .  

functionally independent complex  nonnegative definite e ige nfunc t ion s 

5 



f .  
ei(x),  such  that,  for  (complex)  e igenvalues  X .  with Re 

1 

& g r a d  ei = l i e i ,  ( i  = i ,  2 , .  . . , N )  

i 
If any  given real quartic nonnegat ive de i in l te  f a r m  A c a n  be expanded a s  4 

1. 

then the d e s i r e d  solution 6 i s  given by 4 

However ,  the N = 70 eigeniunctions c a n  be sys temat ica l ly  g e n e r a t e d  f r o m  

only 

N = 5  
0 '  

"basic" eigenfunctions,  as explained by analogy Xvith a n  example in 

Appendix D. 
a g r e a t  economy in n u m e r i c a l  implementat ion of des ign  by higher  o r d e r  

It a p p e a r s  that  development  of t h i s  new a p p r o a c h  \vi11 e f iec t  

. Liapunov functions.  

. A second unexpected r e s u l t ,  extending Appendix D, is the folloLving. 

Cons ider  the s y s t e m  

w h e r e  the states are r e s t r i c t e d  s o  that 

I-' 
while the coefficient of l i n e a r  feedback is so c h o s e n  that  the s y s t e m  

6 



f .  
I 
f 

c 

I 

1. 

A 
i s  stable.  I ~ r i ~ ~ o s c  o n  v the requ1re:ncnt tha t  

l ) ,  d:-.L.!, 

unde.r t h i s  cons t ra in t ,  miniriiizc the ( L a g r a n g i a n  rninirnas)  perf.>rli:a:;ce 

c r i te r  ion. 

where  the C 

n e a r  x = 0 ,  namely ,  when # 0 ,  i t  is given by 

(x) a r e  as above. This problem h a s  an exac t  solut ion 
A Z W  

where  the func t ions4  

the t enso r i a l  o r  elgene-xpansion techniques d i s c u s  5 ed immedia te ly  aS3;~e 

a r e  computed f rom the q:ven li 2 J  by precisely 2 v  

The meaning for control s y s t e m s  of this novel type of cont ro l  

l a w  (linear plus additive bang-bang)' will  be s tudied more,deeply in  t h e  

coming month. 

7 
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5 .  FORECAST OF POSSlUILlTY OF ULTIhLITE 
ACCOhf P L I S H h l E N  T O F  P R O J E C T  

T h e r e  is no doubt in the m l n d s  of con t r ac t lng  pe r sonce l  that  a l l  

f ive  i t e m s  of the or ig ina l  XlSFC Sta tement  of Work r ega rd ing  Co1;tract 

NAS8-11421 w i l l  be iuli:!led within the a g r e e d  t ime  and  c o s t  l imi t a t i ans .  

As mentioned in  m o r e  detail  in  d i scuss ion  of the S ta tement  of W o r k  

g iven  in p rev ious  P r o g r e s s  R e p r t s ,  a n d  a s  ampl i f ied  by a ieu r e f e r e n c e s  

in the  p r e s e n t  Repor t ,  v e r y  subs tan t ia l  p r o g r e s s  on a l l  f i v e  i t ems  h a s  

a l r e a d y  beer, r epor t ed .  

is now a ve ry  favorably  ir.clincd ind ica tor  of the  possib!e u l t imate  d e g r e e  

of s u c c e s s  of t h i s  pro jec t .  

The work ac tua l ly  r e p o r t e d  to  da t e ,  \\e submi t ,  

However ,  Hughes t akes  this occas ion  to init iate a d i s c u s s i o n  of the 

r a d i c a l  improvemen t  in deg ree  of u se fu lness  t o  NASA-XSSFC of the 

F i n a l  Repor t  of t h i s  p r e s e n t  project  (with no de lay  whatsoever  in the 

scheduled Date o i  Compie:isJn oi the p r o j e c t )  if the scope of the pro jec t  

w e r e  extended t o  incltide adequate c o m p u t e r  s imula t ion  on  numer i ca l ly  

realistic examples of the Mirxmas Attttude Stabi l izat ion Laws and des  iGn 

algorithms. P u r e l y  ar.al]t ical  a n d  conce? tua l  der iva t ion  has been, and  

wil l  cont inue t o  be, intensivsIy pursued under  Con t rac t  S-4SS-11421 as 

it presently stands. 
f 

The or ig ina l  S ta tement  of Work on NAS8-11-421 c o m p r i s e s  five 

items, all of which involve s t r i c t ly  conceptua l  ma themat i ca l  r e s e a r c h .  

It is hereby submi t ted  that th i s  a spec t  of the work has p r o g r e s s e d  ex-  

t r e m e l y  wel l ,  and  tha t  t h e r e  can be l i t t l e  doubt of a Fina l  Repor t  in 

July 1965 which wil l  be judged favorably in  t e r m s  of ini t ia l  r e q u i r e m e n t s  

and expec ta t ions .  

It should be r e c a l l e d  that  the "Minimax Cont ro l  P r o b l e m ,  " al though 

f o r m u l a t e d  in  highly sophis t icated and a b s t r a c t  ma themat i ca l  terms in  

the o r ig ina l  MSFC Request for  P r o p o s a l s ,  is designed to  s t r eng then  the 

na t iona l  capabi l i ty  to  handle a very  p r a c t i c a l  and specif ic  engineer ing  

problem : in pa r t i cu la r ,  opt imal  design of l a r g e  ae roba l l i s t i c  launch 

vehic le  a t t i tude  s tabi l izat ion sys t ems .  

8 
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Most  t h e o r i e s  developed to da te  by Hughes,  Lvhile quite comple te  

as  t h e o r i e s ,  r e d u c e  the m o s t  impor tan t  quest ions (e .  g . ,  "how,?", "how 

m u c h - b e t t e r ? " ,  "what cos t?" ,  "what is t rade-off  of cos t  v e r s u s  p e r -  

f o r m a n c e ?  ", e t c .  ) to  pure ly  quantitative que s t ions which c a n  only be 

a n s w e r e d  by putting specif ic  n u m b e r s  into the g e n e r a l  nlatht.::istical 

f o r m u l a s  der ived  to date .  

- 

As p r o m i s e d  in  the Hughes proposa l ,  the c o n t r a c t o r  h a s  k e p t  

constant ly  i n  mind the effect ive compatibil i ty of a l l  m a t h e m a t i c a l  

equat ions  and a l g o r i t h m s  on Lvhich Xvork h a s  been concent ra ted .  F u r t h e r  - 
m o r e ,  Hughes h a s  voluntarily gor,e c o n s i d e r a b l y  beyand t h i s  p r o m i s e ,  

a n d  in fac t  has  donated t o  th i s  N-4S.4 pro jec t  a very subs tan t ia i  amount  

of n u m e r i c a l  a n a l y s i s  and  p r o g r a m m i n g  labor  (avai lable  f r o m  a t h e r  

Hughes-suppor ted  ac t iv i t ies ) .  

(see Sect ion 4 and Appendix A) concerning the p r a c t i c a l i t v  and  yti1:ty of 

the t h e o r e t i c a l  opt imizat ion a l g o r i t h r i s  being d e r i v e d  under S.4S3- 1 1421 .  

Appendix X of the  p r e s e n t  iMonthly P r o g r e s s  Repor t  c o v e r s  a L d u t  o ~ e -  

t h i r d  of the  p r e s e n t l y  opera t iona l  Automatic Design P r o c e d u r e  b a s e d  

upon theore t ica l  work  p e r f o r m e 2  under the p r e s e z t  SASA c o n t r a c t .  The 

remaining two- th i rds  of the  P r o c e d u r e  -.vi11 be repor ted ,  a g a i n  n i th 

n u m e r i c a l  e x a m p l e s ,  in the forthco,ming P r o g r e s s  Report .  

What is submit ted a r e  i m p r e s s i v e  r e s u l t s  

Hughes has r e c e n t l y  organized  a n  Advanced Studies  Sect ion to 

enhance  its per for rnance  of p r o j e c t s  s i m i l a r  to NAS8-11421. 

d e m o n s t r a t e d  readi ly  that  t h i s  sect ion h a s  the capabili ty to  p r a g r a m  f o r  

c o m p u t e r  s imula t ions ,  a n d  t o  p e r f o r m  n u m e r i c a l l y  r e a l i s t i c  s imula t ions  

of all of the  remain ing  t h e o r e t i c a l  des ign  a l g o r i t h m s  d e r i v e d  under  

NASB-11421. Such work would i n c r e a s e ,  by many-fold, the u s e f u l n e s s  

to NASA-MSFC of th i s  p r o j e c t  without any det rac t ion  f r o m  the theore t ica l  

a s p e c t s  a n d  without any  de lay  in the scheduled P r o j e c t  Comple t ion  a n d  

Final R e p o r t  in  June-Ju ly  1965. This  would, of c o u r s e ,  n e c e s s i t a t e  

e i t h e r  a n  a g r e e d  ex tens ion  of the Scope of Work of t h e  p r e s e n t  c o n t r a c t ,  

o r  else funding by a p a r a l l e l ,  supplemental  c o n t r a c t .  Hughes s u g g e s t s  

that e i t h e r  a p p r o a c h  wtould m a t e r i a l l y  h a s t e n  the date on which the 

advanced  r e s u l t s  of m o d e r n  cont ro l  t h e o r y  r e s e a r c h  will  be ava i lab le  for  

a genuine p r a c t i c a l  contr ibut ion to  the NASA-MSFC m i s s i o n .  

I t  c a n  be 

9 
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6 .  OTHER I X F O R ~ f A ' I I O ~  P E I < T I S E S T  TO EVALUATIO?! 
OF CONT K A C TO 3 ' S Pit 0 GK E 5'5 

1) The Gu:cianc e and C(Jn t r c ) l s  D i v i s i o n  oi I - ! L ; ~ C . S  Airc ra f t  

Company, within i ts  Ativariced S:, s t e m s  Laborator;; ,  h a s  recent1)- o r g a -  

nized a n  Advanced Stuciic-s Stbction to iac i l l t a tc  v.c.rk 01 the type cu r ren t ly  

being performed u n d e r  this  cont rac t .  Sect ion Iie-ad 15 D r .  R .  Bass .  

The personnel  o i  this  sect ion,  all ava i lab le  for v.ork on SAS3-11421, 

are:  

Dr.  R.  Bass, Senior  Sc ien t i s t  

D r .  I. Horowitz ,  Senior  Sc ien t i s t  

Dr.  R. Webber 

Dr. I. Gura 
Mr. K. Abichandani, Staff Eng inee r ;  caxdidate  

Mr! L. Schwar tz ,  candidate D r .  Engineer ing,  UCLA 

Mr.  J. 11-oodhull, hi. S. 

Dr.  Engineer ing,  UCLA 

ii) The Guidarxe and Controls  Division of H c g h e s  i s  p leased  to 

announce that Mr. Lawrence  Schwartz  (forxrLeri:; of the Hcghes Space 

Systems Divis ion)  kas joined the n e w  Advanced Studies Sect ion and u i l l  

be available during the coming months for consul ta t ion,  t heo re t i ca l  in- 

vest igat ion,  and computer  s imulat ion of m i n i m a x  boos te r  cont ro l  laws.  

Mr.  Schwar tz ,  both for his  r e c e n t  publications,.. .and for h i s  

Technical Monitoring of numerous  Ai r  F o r c e  con t r ac t s  in the f ie lds  of 

System Optimizat ion,  Advanced Control Techniques ,  e tc .  while with the 

Flight Cont ro l  Labora to ry  (Dayton, Ohio, 1961-1463) is wel l  known to 

technica l  pe r sonne l  of XASA concerned with advancing the s ta te -of - the-  

art  in s tab i l iza t ion  and cont ro ls .  

10 



APPENDIX A 

DIGITAL COlCfPUTER PXOGR.4Lf FOR 

HIGHER ORDER SYSTE1.I DESIGX 

by 
J. Woodhull 
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I. 

I: 
1; 

T h e  digi ta l  coniputpr r . j u t i n t . s  intcndcc! to  mechanize  P a r t s  I, I1 

a n d  111 of Rt. !c .r fsn( -c .  I . \ . i l l  ht*cL.t.<orth b t  rcfcrrc.rI  to b y  t h e i r  F o r t r a n  

1 a n  glia gc. nanit: s ; C Y  T R L 1 , F i 12T f.: r\ a nc! C,N -1- R Id?, 
Given tht: sy.stt*m m a t r i x ,  A ,  t h e  a c t u s t o r  v e c t o r ,  ; I ,  anti A n  a r b i t r a r y  

choicc: of n c loscd I C J O P  p ( ~ l t . 3 ,  C S T 3  L1 cori;putc.s t h t y  control \ - t - c - t o r ,  g ,  

plus  c e r t a i n  oth1.r data n c * c t * s j a r y  as inputs  to F I L T E R .  

s i m i l a r  to C N T R L I ,  e s c c p t  t h a t  a pC*rforr:;anct. intitss ma t r ix ,  C,  i s  

specified r a t h e r  than a r b i t r a r y  c l ' j ~ t i d  l o o p  polt:a. 

computes  the requi red  p o l c s ,  which art :  uscd  instcxac! of the a r b i t r a r y  

po le s  of C N T R L I .  FILTER,  using data f rom ttithrar CSTRI,!  o r  

C N T R L Z ,  computes  thc parametc.rs  of a s in ip lc  mul t ipor t  f i l t c - r  to  

a p p r o s i m a t e  the d e s i r e d  resu!t. 

r c sp t: c t i v  t h  1 y . 

CSTIIL?  i s  

C S T R L Z  thcbn 

Al l  t h r e e  p a r t s  have been comp!tted ;or four th  o rd t - r  systc-riis. 

In p r e p a r a t i o n  of the comprehens ive  r e p o r t  on the digi ta l  p r o g r a m ,  

the t h r e e  m a i n  p r o g r a m s  have  been modified to  handle a iifth o r d c r  

sys tem.  A l l  subrout ines  have been madt, to handle  any o r d e r  systt 'ni ,  

so tha t  f u r t h e r  niodificatior.s to changt: the order ni l :  bt. ni;ldc i n  :]lain 

p r o g r a m s  only.  Even  the main  p r o g r a m s  a re  b e i n g  made  a s  g e n e r a l  

a s  poss ib le ,  u n l e s s  by so doing :he prir , t ing f a r r . a t  tvould St. difficult  

tz~ i n t e rp re t .  

f o r m  and c o m m e n t s  a r e  being a d d e d  50 tha t  the  p r o g r a m  l i s t ings  m a y  

be easily unders tood  by anyone f ami l i a r  \\.ith F o r t r a n .  

Notation and statt .xer, t  o r d e r  i s  b e i n g  put into b c t t c r  

-. 
Both C N T R L l  and FILTER a r e  comple te ly  self-checking. 

C N T R L 2  i s  self-checking lvith the except ion of the subroutine that 

computes  the  opt imal  roots .  

a small p r o g r a m  h a s  been written which bui lds  the  2n X 2n m a t r i x  

In an e f fo r t  to chgck tha t  portion a l s o ,  

aa* [: -**I ' 

then s o l v e s  for the  coeff ic ients  of the  c h a r a c t e r i s t i c  equation and 

finds the  2n roo t s .  The  roo t s  in  the left  half-plane a r e  the d e s i r e d  

opt imal  r o o t s  and m a y  be compared  t o  those produced  by the m o r e  

I 
I. ' 
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d i r e c t  fo rmula  (Equation ( 4 )  o f  Re fe rence  1 ). 

may be incorporatc.d into C N T R L Z ,  to  bct uscd  o r  skippcd a s  c1t:sirud. 

It would o rd ina r i ly  b ~ ,  sk.ipped, s i n c c  it r e q u i r e s  c o n s i d c r a b l y  mort '  

c o m p u t e r  t i m e ,  a s  mentioned p r e v i o u s l y .  

T h i s  a l t e rna tc  p r o g r a m  

In the December  P r o g r e s s  Repor t  it \\.as statcd that roundofi  

e r r o r  was not a p r o b l e m  for thc. fourth o r d c r  e s a n i p l c  used .  

S o u r i a u - F r a m e  a lgo r i thm i s  checked by  computing ont '  e x t r a  n i a t r i s ,  

S o ,  then noting that a!l e l emcn t s  a r e  zcro .  

p r o b l e m  to the e s t en t  that  t hese  e l e m e n t s  a r e  not z e r o .  

four th  o r d e r  esarnple  used  did produce a S 

z e r o  so no p rob lems  w e r e  suspec ted .  

m o d e l  was t r i ed ,  s o m e  of the e l emen t s  w e r e  v e r y  l a r g e ,  indicat ing 

that the a lgo r i thm migh t  have fa i led.  

the  coeff ic ient  of s 

b e t t e r .  This r e s u l t  does  not conflict  Xvith the conclusions of F o r s y t h e  

and S t r a u s  (Reference  2 ) ,  \vho found that  e r r o r  may  be expected t o  bc 

l a r g e r  with l a r g e r  n, and  a l s o  i s  d i rec t l l -  affected b y  the r a t i o  of the 

magnitudes of the largest to the smallest eigenvalue. .  The S a t u r n  d a t a  

uscd did provide an "ill-conditioned" m a t r i x  ( l a r g e  ratio o f  l a r g e s t  to 

smallest eigenvalue) .  F u r t h e r  effor t  xvrl! be made to d e t e r m i n e  the serious- 

ness of this error when applied to r e a l i s t i c  problems. 4 any difficulty 

should actuaTly ex i s t ,  double p r e c i s i o n  a r i t h m e t i c  will  be used .  

Thr  

Roundoff c ' r ror  i s  a 

The  ini t ia l  

\vhose e l emen t s  \vere a l l  
0 

JVhen the i i i th o r d e r  Sa tu rn  

Hand calculat ions sho\ved that  
0 (ao) was off in the  th i rd  place.  T h e  o the r  a's w e r e  

Included in this appendix a r e  l i s t i ngs  of the C S T R L 1  m a i n  

% p r o g r a m ,  p lus  the sub rou t ines  cal led by CSTRL1,  namely  ALPHAS, 

SYNTH1, MATPW2 and MATMPY. R e s u l t s  using Sa tu rn  da t a  a r e  

also given. T h e  notation i n  the  l i s t i ngs  wil l  be changed somewhat  

before comple t ing  the  comprehens ive  r e p o r t ,  as will  some of the 

p r in t ing  format .  

were c h o s e n  a r b i t r a r i l y  to  d e m o n s t r a t e  the p r o g r a m .  

for  the s t a t e  v a r i a b l e s  i s  

The  s e n s o r  m a t r i x  and the c losed  loop s y s t e m  p o l e s  

The  o r d e r  u s e d  

A - 2  
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1. 

f '  . 

x3 = Q 

x4 = P 

"5 = p 

R e f e r e n c e  1 Bass, R .  W . ,  and I. G u r a ,  "H:gh O r d e r  Sys t em D e s i g n  
via Sta te  Space  C o n s i d e r a t i u z s .  " p r e p a r e d  fdr ,Clnrshall 
Space Fl igh t  Center ,  SAS.4, Iiur7.t s v i l l e ,  Alabama. 
Accepted for presenta t ion  at 1 9 0 5  J X C C .  

Reference 2 Forsythe, G. E., and Louise  W .  S t r aus ,  "The Souriau - 
Frame Characteristic Equation -A1gdrithLm on d Digital  
Computer, ' I  J. Math.  Phys. 3 4 ,  pp. 1 5 2 - 1 5 6  ( 1 9 5 s ) .  
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CONlROL S V M T M E S I S  PROGRAM 1 

. - .  

A - L . A l R I l  ‘4 :  

-0 .032200 -0.01 PI00  1.00c000 -2.OZllCO 0 .  

0 .  - _ .  
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_ -  - u.- - 0.- - -  -- - -  - 0. - 0. 1.00OJ3C - 

0.7bZCtOO 0. 0 .  - 1 7 6 O . S O 9 C O O  3 . 3 b O O O O  

.. . 
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- ._ - OPEN L O O P  CHIRACTERISl IC ECUAl ION 

C O E F F I C I C N I S  oc A S C E N O I Y G  P O W E R S  o f  s i o T O  6 I C O ! S .  1 
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C O h T * O C  

nc 
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DERIVATIOS OF T H E  SOURLAU - FRXLIE  - F-ADDEEV 

ALGORITHAM FOR COLIPCT-ATION OF 
MATRIX TRASSFER FC'NCTIOSS 

by _?-- 

R. W. Bass and I. G u r a  
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It has been demonstrated t h a t  t h e  ' 'S(JuriaU - &men a l g o r i t h  is very 

useful for t h e  ca l cu la t ion  of determinants, matrix inverses ,  t h e  coe f f i c i en t s  

of c h a r a c t e r i s t i c  equations, and r e l a t e d  quan t i t i e s .  

rather complicated, a d e t a i l e d  discussion can be  useful t o  those wfi:, wish  t o  

f a m i l i a r i z e  t h w e l v e s  with t h e  concepts involved. 

Although t h e  proof is 

Given t h e  n x n matrix A, t h e  c h a r a c t e r i s t i c  equation i s  defined as 

n 
det ( a 1  - A) = 1 sk = A(e) = 0 

k=o 

where I La t h e  i d e n t i t y  matrix, s i s  a s c a l a r  parameter and t h e  0's are t o  

be detsnnined. 

recursion relation 

In pa r t i cu la r ,  it will be shown t h a t  t h e  u t a  obey t h e  

, 

B-1 



E 

The above (2b) can be condensed t o  

Q P 

n-r 

9 

n-r S 

Note t h a t  t h e  Sn - 
It will also 

L. 

i 1 1 
r tr (&n-r + 1 - -  

n-r I + + 1 

are n x n matrices.  

be proved that 

9, A 

0 

*-I .. - - 
Q 

0 
dot A = (- 1)" Q 

i. - 

Formula ( 5 )  is instru=lsfital i n  systan design a?d evaluation of time responses. 

Then 1 s  5 2 s . . .  3 n' Let the  roots of (1) be denoted by the quar,'*ities s 

Differentiate with respect t o  8 and obtain 

-1 
( 6  - + ( 6  - s2)O1 + ... ( S  - Sn) 

Conaidor t h e  i th term of ( 8 )  

1 1 1 - = -  
- Oi a [l - e i b ]  

B-2 



f . 

t 
t 

I '  

is the bum of the i n f i n i t e  geoiaetric s e r i e s  1 
*OW -- 
for I S ~ / ~ /  < 1. 

hand t h a t  Is1 > m a x  si. Th en 

Assume w i t h  no loss of generality for the purposes at 

and (8) becarces 

For convenience de f ine  t h e  quantities OJ (j = 1, 2, J , . . . )  by 
n 

t .  

Let 

the bounds on 4 must be given by - aD s 4 s r - 1. 
4 -  k - J - 1 and eliminate j fram (13). Notethat s h e O s J  5 and O s k  5 n 

Then (13) becomes 

L. - 

B - 3  



Consider the  first s e t  o f  terns i n  (U) and intorchange the order of 

summation by observing that 0 5 4 k-1 5 n-1 implies 0 5 4 5 n if 

C + l r k s n  

Thus 
n k-1 n-1 n c go ak 'k-d-1 

c a 0  t 
k k-4-1 kL0 

Now let m = k - L l  and replace k on the right s ide  of (15) so that 

ud (4) becomes 

_- 
can be obtained d irec t ly  from (1 )  by d CA(sI3 Ut ernatively, ds 

*differmiat ion: 

B-4 



t. 
Equating like powers of s in (19) f i e l d s  I .  

E ( 2 9  

E Multiply (20) by - 1 ard add n Ottl t o  both sides 

Now replace 4 bjr r = n-dl 

I 
u (r = 0, 1, 2 ,..., n-1) = - :a n-m m 

5 
=*r 

For r = n coraider 

I Sum over n such equations 

t n n n 

Then n 

t and (22) is va l id  for 0 s r s n. 

B - 5  



f '  
1 

Uaing t h e  fact  t h a t  ( s r - e  I<t.-r:iark) 

Q = tr h" m 

or since tr A + tr B = tr (A + B) 

Now replace m by v = n-m 

3-1 
= ji =j A 

B - 6  

. .  (31) 



I .  
I .  

Formula (3) follows directly from this r e s u l t  

By d e f i n i t i o n  (31) 

so = jo a 0 AJ ( 3 4 )  

Now by t h e  Caylay - Hamilton Theorem ( A  matrix m u s t  satisfy i t s  c h a r a c t e r i s t i c  

equation) So = 0. Then applying (32) 

So = a0 I + A S1 = o  (35 1 

a# desired. 

of t h e  Si.) 

(Note that So = 0 can be used as a check on t h e  coxputation 

Iatting a = 0 in equation (1) g i v e s  

0 
d e  (- A) = (- 1)" Q 

or 
. .  

0 
dot (A)  = (- 1)" a ' 

..- 

t 

.. 
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I .  

Henc e, 

To derive ( 5 )  consider t h e  i d e n t i t y  

( ~ 1 ) ~  - A’ = s’ I + sJ-l  A + s j-* A‘ + ... + SAJ-’ + A j  

Multiply (38) by aJ and sun over n such qress iora  where j = 0, 1, ... n. 

I . .  *. 
By the Cayley - Hanil ton Theorem AA = 0 ,  and so 

blow l e t  i = 3-k and replace k 

A ( s )  (SI - A)’l = ) QJ si-’ 
Po i- 
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f . 

f 
1 
I 
I 

The order of summation i n  (41) can be interchanged s i n c s  1 5 i j 

and O s j s n  imply l s j r n  if l r i s n .  Then 

n n 

and using (31) 

i-1 
si 8 
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Theorem: 

Roof :  First prove 

P A =  1 A i  
i=1 

by mathematical induction. By (I) 

dot (SI - A)  = s" + a s* l+  ...+ a = 0 n-1 0 

Rom algebra 

hypothesis (21) it must be true that 

is known to be the sum of the r o o t s  of (31). Then by 

Now corisider the general ml x n+l aatrix - 

A '  A 

a 

a 

1, n+t 

2, n+l 

a ntl, nil 

B-10 
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I .  

r 

Develop de t  (SI - A ' )  by d n o r s  with respect  t o  t h e  b o t t o s  r3u and 

obta in  

where f(s) is  a polynoninal  i n  s of deg reen -1  dete,nAned b j  tk.e 3::-diagonai 

elements of t h e  bottom row. ?.en 

- (tr .A + an+l Il+l s 
J 

from which it i s  seen t h a t  

) sn + ... + f(s) = 0 n+l  

1 
where t h e  Ai are t h e  eigenvalues of A I .  Now since ( 2 i )  can be easi ly  

verified for ~ 2 ,  it m u s t  be v a l i d  f o r  dl n. 

R e t u r n i n g  t o  t h e  proof-of (li) it I s  noted t h a t  (31) t o E s  if ar,d o n l y  

i if there are  conplex vec tors  u f 0 such t h a t  

Repeated p r e m u l t i p l i c a t i o n  of  (Si) by A gives 

Am ui 9 A: u i 

However, t h i s  implies t h a t  Am ,(i = 1, 2, . . . n)are t h e  eigenvalues of Am. 

Then using (21) r e s u l t s  i n  
i 

n 
% A m  = 11; = o 

i=o m 

aa desired.  
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APPEIVDLY C 
LINEAR CANONICAL F O R A i S  F'OR 

CONTROLLABLE SYSTELIS 

by 
R. W. Bass and I. G u r a  



I S T  KODU CTION 
f : .  

E &  
I 
t 
E 
t 

I '  
I 

I: 
i 

. .' 
. 

I 

In this  p a p e r  four dif!ercr.t c o o r d i r ~ a t e  s y s t e m s  a r e  s t i d : e d ,  

narn e 1 y 

s t a t e  va r i ab le s  (u) 

phase  coord indtes  0)) .  
L u r ' e  coord ina te s  ( k ) .  
gene ra l i zed  L u r ' e  c 3 0  r d i  ?ate s ( 0 ) .  

T h e r e  a r e  s ix  non -sing,;!ar i i x e a r  t r a r l s fo rma t iuns ,  nb-.r l)  

$ = T O ,  

x = D e  = DTO , 

which r e l a t e  the four coord inace  s y s t e m s .  

. In o r d e r  to  p a s s  free!)- a:'i;ang tiiese coord ina te  s y s t e r n s .  i n i l u d -  

ing the  i n v e r s e  t rans iorn :c t i2zs ,  a to ta l  of t\xelve n1atrict.s rx..:s: bc. 

u t i l i  zed.  

In p a r t i c u l a r  n u m e r i c a i  ap?!:cations xvherein the dimer.si,.ir. n of 

the  s t a t e  s p a c e  is Large,  i t  i s  d e s i r s b i e  to  avoid e i t h e r  i nve r s ion  of 

n % n m a t r i c e s ,  o r  c o m p l e t e  s ? r c : t r a l  a n a l y s e s  of (non-synic:- t . r r ic)  

m a t r i c e s .  T h e  p r e s e n t  ar.al)-s:s ach ieves  th i s  by expl ic i t  p re sen ta t ion  

i n  ' ' c losed f o r m "  of r a t iona l  e x 2 r e s s i o n s  for  the  e l e m e n t s  of ai! twelve  

m a t r i c e s .  

. .  

It has been  shown b y  L u r ' e  ( I ] ,  Le tov  [ 2 ] ,  and  many o t h e r s ,  that  

use of L u r ' e  coord ina te s  f ac i l i t a t e s  expl ic i t  cons t ruc t ion  of Liapunov 

funct ions [ 31, hence  f ac i l i t a t e s  s tudy of s tab i l i ty  of equ i l ib r ium in 

dynamica l  s y s t e m s .  

More r e c e n t l y  i t  h a s  been  shown by B a s s ,  Lewis  and  1:endelson 

[4],  [SI, by Wonham and Johnsar.  [ 6 ] ,  (71. [a], by Kalman (?I. and by 

B a s s  and C u r a  [ 101 that  use of Fhase c o o r d i n a t e s  f ac i l i t a t e s  tile app l i -  

cation of f r equency-domain  concepts  to v a r i o u s  p r o b l e m s  of s y s t e m  

s tab i l iza t ion  and opt imiza t ion  s ta ted  in  t i m e  -domain concep t s .  
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1. In th i s  paper  a s y s t e m  of general ined L u r ' e  coord ina tes  i s  

defined. Unlike thc L u r ' e  coord i i i a t e s ,  these v a r i a b l e s  a r e  ~ v c l l -  

d e f i n e d  r e g a r d l e s s  of \\.i!eti:c.r o r  n o t  the  . F ; ~ . ; ~ c I ~ ' s  " o p e n - l c ~ ~ ) p  [ J U l C S "  

(e igenvalues ,  c h a r a c t e r i s t i c  r uot  s ) ;Ire d l  s t i n c  t .  

r e a l i s t i c  engineer izg  p r , ) b l e r n s  d\)  nut :?&.-e mult ip le  r n a t s .  m a r l y  k.ighL? 

i l luminating esamplcs  oi rnoder i i  Cs)i:tr(,l T!ielsr). can be der i \ . ed  rciidi!). 

when mult iple  r o o t s  a r e  permit ted.  

of applicabili ty oi this  1ast-n:entioned courdi::ate s)'stei:: i s  in)portari t  

f o r  both exposit ion and r e sea rch  on advanced cont ro l  p r o b l e n i s .  

A1 thoug!i Iiian). 

1 h e r e i o r e  the c o m p l e t e  gc i i c ra l i t ) .  

The  s y s t e m  to be studied i s  of tb.e t y p e  

w h e r e  

x = Ax 

governs  the evolution in  t i m e  of the uncontrol led system, w h e r e  "a ' 

is the a c t u a t o r  \vector, and where  the s c a l a r  = ( x )  denotes  the 

feedback control law.  

i r r e l e v a n t ,  hence unspecified.  ) 

0 0 

(In this  paper  the functia?a! n a t u r e  of j is 
0 

T h e  c h a r a c t e r i s t i c  polynomia l  oi the ancont ro l led  s y s t e m  is 
.- defined b y  

I' 
which  def ines  

matrices S 1' 

I 

Q = 1. S i m i l a r l y ,  
* Qn-l' n the coefficients Q . -  

0' 1' - , Sn are defined e i t h e r  by s2' 

n 
= C a . * J - i  , ( i  = 1, 2 , * * * , n ) ,  

'i I 

t . c-2 



I 

1. 

o r  b y  m e a n s  of the resolvent  equation 

n 

(SI - A ) - '  = 1 lGISi . 
i= 1 

In numer ica l  p r a c t i c e ,  u se  oi the preceding definit ions f o r  the 

Q .  and S. is quite impossible  ior !arge values oi n,  s ince  i t  \ \ .odd 

r e q u i r e  n! multiplications.  Hom*e\Fer, an  eificient r e c u r s i v e  a!gorithrn 
1 I 

-f s ta ted  below p e r m i t s  t h e i r  computation i n  about n m d t i p l i c a t i o n s .  

The  given s y s t e m  is called control lable  [ Q ]  i f  the s y s t e m  o i  n 

simultaneous l i n e a r  equations 

a - b =  0 , Aa.b = 0 , ... A j - l a - b  = 0 , ... 
t . 

An - 2 An-  1 a . b =  0 , a . b =  1 , 

h a s  a unique vector  5 # 0 for  i t s  solution. 

puted by Gaussian elimination. In g e n e r a l ,  com2uting b r e p r e s e n t s  

(lln)' of the a r i t h m e t i c  l a b o r  req- i red to inver t  an n x n m a t r i x .  

The vec tor  b c a n  be c o m -  

T h e  vector  b is i m p o r t a n t  for severa! r e a s o n s .  In  p a r t i c u l a r ,  

it i-he n o r m a l  vector  a t  x = 0 to the t ime-optirnal sLvitchinS s u r f a c e  

of the given control  problem.  In fact ,  i t  can  be proved [ 1 I ] .  [ 121 that 

the t ime-opt imal  regula tor  law h a s  the f o r m  

where { p ( x ) /  lx !I} -. 0 as 11. 11 -. 0;  i n  fact  f o r  s o m e  a 

posi t ive constants  p 

> 0 t h e r e  are  
0 

such  that 
0' qo 

F u r t h e r m o r e ,  if the p h a s e  v a r i a b l e  e l  is defined b y  

6 1 = b . x ,  
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I '  - 
I 

I '  

t hen  i t  u r i l l  be shown  below that the given >)s tern  is equivalent to the 
til s c a l a r  s y s t e m  of 11- o r d e r  de::r,ed b.\. 

P a s s a g e  f rom the phase  xariab!es 0 Et 1' 1 '  
* - , d J - l O l / d t J - l , .  . . , 

sz, * - , s i s  faci l i ta ted b y  the n dn-1f31/dtn-1 to  the  s t a t e  va r i ab ie s  s 

r e s u l t  

S .  a 

i= 1 

t o  be proved below. 

Next, a s s u m e  d i s t inc t  r o o t s .  i .  e. assu-me tha: the c o m p l e s  

sa t i s fy  1' x2:-*, n numbers x 

A(\,) = 0 , A'(Ai) # 0 , (i = l . Z ; . - , n )  . 

i Define vectors v a s  su i tab ly  normal ized  eigen; .ectozs  oi 3i*, nan?ely. 

i A*vi = Xiv , v i s a  = 1 , ( i  = 1. 2, . *  - ,n) . 

Then the Lur'e c o o r d i n a t e s  o f  x a r e  given b y  

i s i = v  * x  , ( i  = 1, 2;** ,n) ; 

i t  is easy t o  see that  t hese  v a r i a b l e s  s a t i s f y  the s y s t e m  

ii = q. t qJo , (i = 1 , 2 ; - * , n )  . 
1 1  
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t ' 

I '  

Furtfrc*rrnore,  i t  w i l l  be  pro-.-ed tkat  r e t u r n  i r o m  the  va r ihb le s  5; to 

the x 
A 

I S  provided b y  t h e  tra: .sisrrr ,ation 
1 

n 

i =  1 

i w h e r e  t he  vec to r s  u a r e  dcfinec! a s  s u i t a b l y  no rmdi i zed  eirez-:. L~ t U r s  c f  

A ,  namely  

i i Au = kiu , 

i i . .  T h e  preceding  definit ions oi t:?e u and v 

in p r a c t i c e  a r e  inconvenient.  

co r re ' c t ly  n o r m a l i z e d  u and 7; 

lowing c losed  f o r m  e x p r e s s i o n s :  

a r e  adequate  i n  pr:zc:?:e but 

Xnother  r e s u l t  of this paper  is t'r.at the 

can be computed  eff ic ient l l -  b y  :be  ioi- i 1 

_- 

i= 1 

A comple t e  summary of r e s u l t s ,  in  s y s t e m a t i c  tabular  i o r m ,  

All of these  f o r m u l a s  a r e  used  will be given a t  the end of the paper .  

in  the a u t h o r s '  theory of in t eg ra l s  and i s o c h r o n e s  [ 111 which allows 

expl ic i t  ( l oca l )  solution in c losed  ("algebroid")  f o r m  of both the t i n i e -  

o p t i m a l  r egu la to r  p r o b l e m  [ 121 and the bang-bang control  prob!em 

with quadra t ic  p e r f o r m a n c e  index [ 131. 
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i 
I .  NOTATIONAL CONVENTIOSS 

i -  a. M a t r i c c s  a r t -  upper  c a s t ‘  ltbttex-s 

b. V e c t o r s  a r e  lo\s.cr case uns\ ibscr!ntcd o r  supcrscr ip tc - t i  

l e t t e r s .  

d.  Except ions  to  t h e s e  r u l e s  arc’ i ,  J ,  k,  1, v ,  n Lvhich are used 

as  summat ion  ind ices  o r  s c a l a r s ,  s \<hich  i s  a c ~ r ~ i p l c . ~  

scalar ;  

t i m e .  

A ( s )  Lvhich is a polynomial  i n  s ;  and t which d(.notc,s 

e. A s t e r i s k s  used  as s u p e r s c r i p t s  ( ” )  denote  m a t r i x  

t r anspos i t i on .  

The  ith column of the identity m a t r i x  is r t p r e s e n t c d  by  e ’ .  

T h e  symbol 2 denotes  equal i ty  bl- defini t ion.  

1 
f .  

h. 

ALGEBRAIC PRELIXIISARES 

In g e n e r a l ,  the solution of the s y s t e m  oi d i f f e ren t i a l  equat ions  

& = A x  + a ‘  
3, 

_-. 

A t  involves the t r a n s i t i o n  m a t r i s  e 

r e s o l v e n t  matrix (SI - -4) 
scalar. 

, whose  Lap lace  t r a n s f o r m  is the 

w h e r e  I is the ident i ty  m a t r i s  and s is a - 1  
.. , 

It  can be shown [4 ,  141 that  t h i s  m a t r i x  is given by 

where 

n n 

j= 3 i= 1 
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f . .  
i 
i -  

I 

1: 

i' 

a rc' e f f c c t i  v c' 1 y c o E; ut a b  1 e . . .  
0' 9'  ' an and  the SI, S2, - .  - , S 

by the r tJcursior i  r e l a t i o n s  

arid the Q n 

a = 1 ,  s = I  n n 

(j = 1 , 2 ; . - , n )  , 1 
Q = - - t r ( A S  1 ,  n - j  j n -  j- 1 

The m a t r i c e s  S.  can  be sho\y:n [-I] to sat isfy 
1 

The theore t ica l  definitions (3 )  and (4d) cannot  be used to corn?Ltc the a. 

and S. for  l a rge  n, a s  they involve n! mul t ip l ica t ions .  Hou-eve r ,  the  

a l g o r i t h m  (4b-c) r e q u i r e s  only about n mult ipl icat ions and h a s  an 

i n t r i n s i c  self-checking f e a t u r e  in that ( b y  Caj-le;--Xa-niltor,) S = 1 .  

1 

4 1 

0 
The controllabil i ty c r i t e r i o n  of Kalman [ Q ]  

p r e s e n t  ana lys i s  and will be assu,r.ed henceforth.  

c a n  be e x p r e s s e d  in de t e rminan ta l  form a s  

is iundame2:al  t~ t h e  

For the s>-s tey .  ( 1 )  it 

de t  D # 0 ( 5 4  

w h e r e  

T h e o r e m  1 

Lf the m a t r i x  L is defined implici t ly  by  

c-7 



then 

where  the vec to r  b is g i v e n  b y  t h e  solution ( e .  3.  b y  G a u s s i a n  c > l i r n i R a t i o r : )  

of the non-singular  s y s t e m  of lir,ear eqKations 

P r o o f .  If the above hypothesis is to be ident ical ly  t rue ,  i t  m u s t  be 

shown that  

o r ,  equivalently , that  

is valid. I n - p a r t i c u l a r ,  the rows of (?b) c a n  be xvritten as 

u = j  

Now replace summat ion  over v by summat ion  over k Lvhere k = Y +  i - j ,  

a n d  obtain . .  , 

n+i- j - 

i j  
a* 2 Qkt j - i  (A*)k-lb = 6 

k= i 

a s  the r e l a t ionsh ip  to be establ ished. .  

Cons ide r  f i r s t  the c a s e  for  which j 2 i .  T h i s  impl ies  that  1 s k 5 n. 
Note tha t  (8) can  be wr i t t en  explicitly as 

C-8 



I '  

n n - j t i  

Now,  b y  tht. s ~ ~ n i e  a r g u m c ~ t  uscd abovc,  thc f i r s t  J x r n m a t i o z  ir? f !  3 )  

y i e l d s  thc valuc Q 

becomes 

On replac ing  k b y  ni = k - j - i ,  t1:c scco rc !  s u m  n t j - i '  

n n+ i - i  

w h e r e  the l a t t e r  r e s u l t  was obtained by  use of the Cayley-Hamil tor ,  

T h e o r e m .  (A  m a t r i x  s a t i s f i e s  i t s  o\vn c h a r a c t e r ; s t i c  cqliation 1 

j < i ,  (12) can  be used (with m instead of k) and the second sr:m eqxa l s  

S*)n sinct. 

.- 

n+j- i  n t j - i  -2 a a'( **)rn+i-j-l b =  -1. m 6 mti - j ,  n 

m=O m=O 
. .  , m 

I" 

This has the  value z e r o  except  when  mi i - j =  n in which c a s e  i t  becomes 

- Q  

for j < i the left s ide  of ( 1  1) is zero. 

proven and t h e o r e m  m u s t  be valid. 

Combining th i s  r e s u l t  with that  following (1  3 ) .  i t  is s c t n  tha t  n+j-i' 
Thus  re la t ionship  (1  1 )  h a s  been  
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T h e o r e m  2. 

. . .  
0 0 

0 0 

. . .  1 

0 . . .  
On- 1 

1 
A 

where  

a Q Q 1 

0 

. . .  
2 

3 
. . .  Q 

. . .  

. . .  

Proof. By inspect ion,  the i- th co lumn of T c a n  be wri t t en  as  - 
n 

t i =  zcx. e j - i + l  
J 

j= i 

Now by defini t ion 

DT = (Dt', Dt2, * * .  , Dt) 

where 

n n . .  
~t~ = 1 a . ~  e j - i t 1  = 2 aj(A)'-la 

1 

But by (4) ,  the definit ion of Si, Dt i = S.a.  Then applying (6) y ie lds  
1 

1 
DT = (L- )* = (Sla, SZa,. . . 9 

as d e s i r e d .  
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I- 
f 
f 
f 
f 
i 
i -  

Theorcm 3 .  

A pair  of e x p l i c i t  espressions l o r  t!ic i n \ - t . r s c  of D i s  

Proof .  Cons ide r  t h e  rxa t rk  

By (18) and the deiinit ion of L, 

11 

= Caj(A")j - i ,  , (i  = 1, 2, - * *  , n) (24) 
j= i 

i Applying (4d) i t  is seen tha t  Lt = S ? S .  Thus ,  
1 

as required. 
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I’ 

0 

0 

1 

P, 

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

. . .  

0 

1 

’n-3 

n -2  P 

1 

PL 

’n-2 

n- 1 P 

w h e r e  the (3’s a r e  given by  the fo1loLving r e c c r s i o n  i o r m a l a  

v - 1  

j = O  

(28b) 

_- 

Proof .  The  proof of this  t heo rem cor .s is ts  oi two p a r t s .  The f i r s t  - 
p a r t  in t roduces  the appropr i a t e  s e t  of quan t i t i e s  (P.).xvbich obey ( 2 8 ) .  The- 

1 
second part shows that  T -1 is given b)- the m a t r i x  d isp layed  in (27) .  

P a r t  A. Define the quant i t ies  p . ( j =  1 ,  2, - e )  b y  the L a u r e n t  s e r i e s  
1 

w h e r e  the s. are  the roots  of A ( s ) .  T h e n  
1 
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I * *  

[. 

f .  
E 
f 
f 
f 
E 
1 '  

Replace  J by u s e  of t!it* dc.finition v = j 4 KI - i ,  obtaining 

n (0 

Now in te rchange  thc  o r d c r  of s i i in rna t~<>n b y  o b s e r \ . i n g  ti-.at 0 5 n - i 5 v s  D 
and 0 5 i i n imply that U 5 v i 9 a n d  m a s  (n - v ,  0) 5 i i n. Thus 

9 1  n 1 

Note that the very  f i r s t  t e r m  on the  r igh t  sidc of (32)  is the  o n l y  cons tan t  

in the s e r i e s .  

m u s t  be equal to unity and  the remain ing  t e rms  m u s t  a l l  be ze ro .  

T h u s  for (32) t o  b c  valid i o r  a l l  i s /  z m a s  I t  i s . !  that  t e r m  
1 

Then 

2 P . B .  = o ,  ( v  = I ,  2. - - - , n) i i+v -n  
.- 

( 3  3b) 
i = n - v  

n 

( 3 3 4  = o ,  ( v  = n t l , n t 2 , n t 3 , - - - )  , 2, QiPi t  v-n 
i= 0 

or equivalent ly ,  = 1, 
0 

n-1 v -  1 

where j = i t  u - n, and, s imi la r ly ,  

ktn- 1 

j=k 

where  k = u -  n. 
C-13 
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f 

j-1 
n-  k- j+ 1 T j =  2 p, e 

k= 0 
( 3 5 )  

n j - 1  

I - i t l , n + k - j - 1  ( 3 6 )  
I = i  k=O 

The n a n - z e r o  t e r m s  of t h i s  exp res s ion  o c c u r  o n l y  \ \henL - 1 - 1 = n t k - j T i 

or when 1 = n - k - j - i. 
s a t i s f i e d .  

(30) becomes  

However ,  i 5 L 5 n and  0 5 k 5 j - 1 m u s t  a lso  b e  

Thcsn This  i m p l i e s  t h a t  i 5 n + k -; . .  t 1 5 n o r  that 0 5 k 5 j - i. 

j - i  

k= 0 

For j =  i this  redLices to m i t y .  

ob ta in  
For  j f i l e t  v = j - i and, c s i n g  (34a), 

and the  t h e o r e m  is proven. 

PHASE VARIABLES (e) 1 
Taking the scalar product  of (A’’)k-lb, (k = 1, 2 , .  - - , n), with the 

s y s t e m  ( I )  r e s u l t s  in 

[(A’:) k- b . “1 = (Ax’) b . As + (A:::) - b . a +o. dt (39)  

,L ! 
c-14 



i 
I -  
I -  
t 
I 
f 
f 
I 
I' 
1 
i 
I 
1 
[ 

1 
I: 

A p p l y i n g  (12) g i v t : ~  

Now de f ine  a new var:aS:e 

0 = b * x  1 

wrhere b satisfies (8 ) .  TF.en io r  k =  1, (40)  b c s o m c s  

Different ia t ing th i s  expres s ion  u.ith r e s p e c t  to t ime a n d  u s i n g  (40)  f o r  

k = 2 g ives  

(43) 

Continuing in  th is  m a n n e r  obtain 
e 

. ,  

and 

dn9 

dt" 
- -  - ( A s ) % - ~  + 90. 

Then 
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I '  
[ -  

I -  
f 
1 
[' 

c 
I 
I '  
1 
I 
f 
I. 
L 

Now b y  the Caylcy-Hamil ton Theoren:  = 0,  Lvhence 

02,-**,8n b y  1' Upon defining the s ta te  v a r i a b l e s  0 

di- le 

( i  = 1, 2, * n), (47) 
1 ei = d t i - l  ' 

the n* o r d e r  s c a l a r  d i f f e ren t i a l  equation (46)  c a n  be e s p r c s s e d  as  the 

f i r s t  o r d e r  m a t r i s  s y s t e m  

where  

e =  

e 2  

n 0 

9 C =  

n 8 = c e + e  +o 

. . .  0 1 0 

0 0 1 . . .  

. . . . .  
. . .  
. . .  
. . .  0 0 0 

. . .  
'OO - -2 

0 0 

0 0 

0 1 

- P  - Q  n- 2 n- 1 

To find the t r a n s f o r m a t i o n  m a t r i x  bc tween  t h e  I< and the  8 c o o r d i -  

na tes ,  note  that  Equation (44a) can be e x p r e s s e d  a s  

c-16 



I '  ' 

[ -  
or 

f. * 
Note t h a t  a p p l y i n g  t h i s  dir t .c t !y  t o  ( 1 )  a n d  c o r i ~ p a r ~ n g  th r ,  r e s u l t  \c.lth (-18) 

s hoLv s t hat  

By Theorems 1 a n d  2 t h c  in*:c\rsc. of (4"s) c a n  bt. cstab1ish.c.d d i rc tc t lv .  

T h u s  

or 

x =  DTB 

"GENERALIZED" L U R ' E  t 'XRIXBLES (6) 

(The  reason for this name wi l l  become c!ear i n  a l a te r  s t , c t i o n .  

Relations BttLveen x and 6 

Let 

Then ( 1 )  becomes 

C-17 



1. 
0 0 . . .  

0 0 . . .  0 

0 0 1 . . .  

i- 
DC = ( a ,  A a ,  - . . .  

. . .  

. . .  

0 0 1 . . .  

n- 1 

= (Aa, A 2 a, - -  - , - 1 a .Aia)  . 
1 

i= 0 

Applying the Cayley-Harr,ilton Theorcrn ,  the las t  coiur2;n oi ( 5 4 )  beconics  

Ana whence  

DC* = AD (55a )  

or 

(55b) 
c 

N o t e  also t h a t ,  by Theorem 3 ,  

or, us ing  Equation ( l o ) ,  

1 e 

c - 1 8  



i s  
I .  
f .  
t 
i 
I 
I 
I 
I‘ 
I ‘  
I 
1 
I 
1 
t 
1 -  
1 ’  
L 

Thus  ( 5 3 )  can br* c x p r c s u t : d  a s  

T h e  forw,ard arid rt:b erYt.- trnnsforlll.atio7. r e l a t i o n s  c a n  be expressed 

explicit ly a s  foi io\vs .  By ( 5 2 )  and  T h e o r e n i  3 ,  

or 

Also 

Qi = (Sib) * * X  , (i = 1 , 2 , * * * , n )  . 

C-19 

n 
x = D4 = (a, Aa, - * ,  -4 n- 1 a)+ = 1 &.-Ai- ‘a 

1 
i= 1 

Rela t ions  Betxveez 0 ar,d c 

Previous ly  ((58a) azd (jib)] i t  has  b e e n  estaSl ished t h a t  

x =  DT8 . 1 + =  D - . x ,  

Cons e qu e n t 1 y , 

4 = T8 

In p a r t i c u l a r ,  using (18) 

n n n  

(59)  



and s o  

n n  

Non-zero  t e r m s  occur  in  ( 6 3 )  o n l y  . .s i ,t  n v = j - : A 1 o r  \ \h t .n  J - L’ - 1 - 1 .  

Combining th i s  Ltith the  c o n s t r a i n t s  1 5 1 s  n a n d  I 5 j 5 n, J c a n  bt. 

r ep laced  by w t  1 - 1 only ii 1 5 1 s  n - w + 1. T h e n  

n-wt 1 

8 .  v + i - 1  1 

i= 1 

whence,  set t ing 4 = u + i - 1 

n 

+ V = 2 = f B L - U + l  ’ ( u =  1, 2 , - . * , n )  , ( 6  Sa) 

The i n v e r s e  t r ans fo rma t ion  car, be establ ished in a similar 
/ 

manner. Employing ( 3 5 ) ,  

n n i- 1 

i= 1 i = l  k=O 

n i-1 

= 2 1 Pk’idv, n t k - i t  1 
i=l k=O 

This expres s ion  c a n  be s implif ied to  

i=n-v+ 1 

c - 2 0  



f .  

I' 

by cons idera t ions  s i m i l a r  to thdssc u s e d  a f t e r  ( 6 3 ) .  

o v e r  I is  rcp iaced  b y  s u n i m d t i o n  o ~ t r  4 : v - n t  i - 1, thi.re r c - s u i t s  

F i n a l l y ,  i f  s u n i r n n t i o n  

e l  = +n 

L U R ' E  COORDINATES (5) 

Rela t ions  Bet\vt.cn 6 a n d  6 

By inspect ion of Equat ions ( 5 4 )  and  ( 5 7 ) ,  the s y s t e m  ( 1 )  is p rec i se ly  

equivalent  t o  

9j = bj-l  - a. J - 1  + n' (j = 2, 3, -**,n). 

NOW cons ide r  the 4 coordinates  for  a 5;:stt.m x. i th  d i s t i n c t  conipIes  
j - 1  . eigenvalues  A .  ( i =  1, 2, - 6 - , n). Lfultiply the  jg equat ion in  ( 6 9 )  by  X i  

and sum to obtain 
1' 

n n- 1 n- 1 

(70) ( i =  1 , 2 , . - . , n )  Z k J -  1 J  '4 = 1 hi+j  - 1 a j h j l n  t 4 0 '  

j =1 j =1 j= 0 

Now s i n c e  

n- 1 

A(Ai) = 0 , - 2 a jh j  = a n h  n , 
j= 0 

c-21 



i .  
i. 
I .  
t 
c 
t 
E 
t 
I '  
I' 
I 
I 
1 
[ 

i 
I .' 
IC 

. 
c 

and (70 )  rcduccs  to  

n n 

Dv f i nt: 

n 

E - .  A x k j - l & j  

j= 1 
i -  

a s  t h e  i- t h  component of a n  n - v e c t o r  6 .  T h e n  ( 7  1) bt.co!llea 

(7  2 )  

gi  = x i t i  t t$ ( i  = 1, 2, * , n) ( 7 3 a )  0 ,  

or,  in  vector form, 

w h e r e  

The t r ans fo rma t ion  (72) bet \ reen 6 and  Q c a n  be espresscd i n  

m a t r i x  form b y  the  equation 

= Z*& 
n where 2 = (z , z , . - - ,  z ) and where 1 2  

( 7  j c )  

(74) 

c - 2 2  



I . *  

1. 
f .  
f 
I 
I 
I 
t 
I' 
1 -  
I 
1 
1 
I 
1 
I. 

i 1 
C z  = A . z  1 , ( i  = 1, 2, - - , 11) ( 7 6 )  

c a n  be v e r i f i e d  b y  i n s p e c t i o n  of (43b). Nvw. b y  (55b) ,  Thcorc::: 3 ,  a n d  

(501, 

If the A i ,  

and so 
( i=  1, 2, , n),  are distinct,  then A'(Ai) = [ d ( S ( s ) ) / d s ]  # 0 

hi 

Now define the v e c t o r s  

i w = TZ1/A'(Xi) , ( i =  1 , 2 , . * t . , n A .  

Then from (80) ,  

i i C"w = A.w , (i = 1, 2 , - . - , n ) .  
1 

U s i n g  (76) and  (81) i t  i s  clear that  

(8 2a) 
j i  J . C z i =  X.w ' 2  , (i, j = 1, 2, * - , n) , 1 

and 

[ *  

I. C-23 



E .  
1. 
f. 
I 
I 
I 
f 
I 
t '  
I '  
I 
1 
f . 
I. 
I 
L -  
I -  
t. 
1 

which impl ies  that 

= i . J  = 0 ,  i f j .  

For i = j ,  note that 

n n n 

Hence 

" 

To reverse the order  of summat ion  in the l a s t  exp res s ion  note t h a t  

1 I k 5 1 5 n impl ies  1 s 1 I n and 1 s k 5 f .  
for (i = 1,2, - 0 ,  n) , 

Thus (87) becomes ,  

Combining (84) and (881, t h e r e  r e s u l t s  wi zi  - or  equivalent ly  
- 'ij 

n 1 2  n *  1 2 
(89)  (w , w  , ' " , w )  ( 2  , z  , " ' , z  ) = I .  

C- 24 



i. 

I ’  

I ’  

A 1 ‘ 2  , w  n ), then  ( 8 9 )  becomes If w =  (w , w  , * . .  

w = (z”)-’  

Hence (74)  impl ies  

To express th i s  re la t ionship  more expl ic i t ly  note that, as  in (86) ,  

or 

1 - k t l  
n n  

ti P 

i I = k  

The s u m m a t i o n s  are t r i v i a l  except when P = j + k - 1. 

with the c o n s t r a i n t s  k s f 5 n, 

Combining th i s  

1 5 k 5 n, (93) r e d u c e s  to 

or, set t ing v = j f k - 1, 

(94). 
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Relations Bet\*:een €, and 8 

By (91) and (61) i t  i s  obvious t h a t  

0 = T-lLVC 

In p a r t i c u l a r ,  from ( 9 2 )  

n n  k- 1 n 
(xi) k i 

e =  C e i = C  7 e ti  P 

1 - A'(X.1 1 i = l  k = l  i= 1 

or 

(97 1 

Similarly, the i n v e r s e  transformatic;r- i s  e a s i l y  e s t ab l i shed  from ( 7 4 )  

and (61) to be 

= Z"T8 . (99) 

Hence, proceeding as usual, 

n n n  

C-26 



Relations Between 6 and x 

The bas ic  re la t ionship  bet\veen ( and s can be iound imnicdiately 

by applying (58b)  to ( 7 2 ) .  Thus 

I 
1. 

I 
I 
I 
f 
f 
I’ 
I 
t 
I 
i. 
1. 
I 
Ir 
1 

1 
1. 

L C-27 
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j= 1 

A 1 2  n Now define V = (v , v , . * . ,  v ), where  

j= 1 

Then 

i si = v ‘ X  , (i = 1 , 2 , . . . , n )  

o r  

(103a)  

e =v*x _-’ (103b) 

Alternat ively,  combining (58a) and ( 7 4 )  g ives ,  by Theorem 3,  

so that 

must be valid. By Theorem 2 and (90)  



f 
For convenience define 

n , u  ) = DW A 1 2  u = (u , u  , * * -  

w h e r e ,  as in  ( 9 2 ) ,  

Then  

n 

. -- 

I 

t . 

k. 
I. 
I 
I 

n n 

“kAk-Ja = 1 S.a . (107)  

j= 1 1 k=j j= 1 1 

Extens ions  and Genera l i za t ’  ions 

The identity 

can e a s i l y  be ver i f ied  by equatiiig coef f ic ien ts  of like po\vers of q and p 

w h e r e  these quant i t ies  obey the commcta t ive  and d is t r ibu t ive  laws of 

algebra. q c a n  be identified with SI and 
with the matrix A. Then 

With  no loss  of genera l i ty ,  

n n 
A(s ) I -A(A)  = (SI-A) 1 si-1 2 c r . ~ j - l  

i= 1 J =  i J 

and, by the Cayley-Hamil ton T h e o r e m  and the definition of r(s), 

C-28 



1. 
f .  
I 
I 
I 
I 
f 
1 '  
I' 
I 
I 
I 
I 
I 
L. 
ti * 

Indeed, (2 )  can  be found d i r e c t l y  f rom t h i s  re la t ionship xvhenever 

( s I - A ) - '  e x i s t s .  

also c l c a r  that  

B y  m u l t i p l y i n g  (111) on the r igh t  by- the vec tor  a i t  i s  

A ( s ) a  = SI? ( s ) a  - AT ( s ) a  (112). 

Before  procceding,  de f ine  thc vector  u(s) by 

('1 13) 

where 

A(s) for A ( s )  f 0 

A'(Xi) for  A ( s )  =A(Ai) = O  and 1 . f h .  (i. j =  1 D 2 , - - - D n )  . 
1 J  

Explic i t  1 y , 

Now let 1 = k - j f 1 and replace  j to obtain 

Taking the s c a l a r  p roduc t  of u ( s )  with the vector b and applying (12) i t  is 

clear that 

C - 2 9  



1. 

I' 

Returning to (1121, note that u ( s )  satisiies 

A ( s ) a  t A'il(s) = sS(s) , A ( s )  f 0 (117a)  

(117b) 

a n d  so, dividing by A'(\ ) and s e t t i n b  1 s  = xi, t h e r e  r e s u l t s  i 

\ .  # X j ( i , j =  1 , 2 , . - . , n )  
1 

Au(Xi) = A i u ( X $  , A ( \ $  = 0 , 
(1  17c) 

(117d) 1 u(X i) * b = 
A'(\ i) 

Ln the l a t t e r  c a s e ,  the u ( X  .) reduce  exac t ly  to the ui defined in (107).  

Thus the columns  of U are  merely the e i g e n v e c t o r s  oi -4, normal ized  

a c c o r d i n g  to (1 l fd ) .  

A s  before, it c a n  be shown that 

1 

Consider  (109) aga in  with 7 as  'SI and -4": as  )I. 

or 

A ( s ) b  + A" r* (s)b = s T  ( s )  

Defining 

v ( s )  2 r * ( s ) b  

or, equivalent ly ,  

v(9) = 2 sj-lS!b . 
j= 1 J 

(l18a) 

(118b) 

(1 19a) 

( 1  19b) 

I" 
L. C- 30 



f .  
Proceed ing  in a m a n n e r  analogous to that followcd in  Equat ions (1 14) - 
( 1  16), i t  i s  c l e a r  that 

Also ,  by (1  18b) 

A ( s ) b  t A*v(s) = S V ( S )  

is a lways  sa t i s f ied .  

b e c o m e s  

W h e n  A( s) = A ( \  .) = 0 ,  ( i  = I ,  2, - - . , n) ,  (1  21) 
1 

A*v(X.J = Xiv(X.J , ( i =  1 , 2 , . . . , n )  , ( 1  22a) 

v(X2 . a  = 1 ( i =  l , 2 , . - . , n )  . ( 1  22b) 

By compar ing  (119b) and (122)  with ( l o ? ) ,  it i s  obvious that  ~ ( 1 . )  i s  
i identical to v , ( i  = 1, 2 ,  - a ,  n) ,  and that  these  vectors a r e  the e igen-  

vectors  of A* normal ized  according to (1  22b). 

Note that (103a) can now be genera l ized ,  us ing  (1 19b) and (58b) ,  to 

1 
I '  

_- 

E ( s ) =  v ( s ) . x  = 
i= 1 

' V  

Then, taking the scalar product  of v(s) with the s y s t e m  ( 1 )  and applying 

( 1  20) and ( 1  21) it is found that I .  
v(s) - 2  = v(s). (Ax)  + v ( s ) .  a+o 1. 

1. 
I: 
I 
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L Now using (123)  and (4?a), the above becomes 

1. 

1. 

T h i s  can  be cons idered  a genera l iza t ion  of the L u r ' e  canonical  f o r m .  

I n  fact ,  when the eigenvalues  oi  A a r e  dis t inc t ,  

and ,  se t t ing  s = A .  in (125 ) ,  the L u r ' e  f o r m  (73a) i s  r ecove red .  On the 

o t h e r  hand, whether  o r  not  the A .  a r e  dis t inct ,  the identity ( 1  2 5 ) ,  which 

in f o r m  is highly r emin i scen t  of the L u r ' e  f o r m ,  can  be  r e g a r d e d  a s  

the col lec t ion  of n different ia l  equations obtained by equating l ike po\vers  

of s on the r igh t  and le i t  hand s ides .  However ,  on in se r t ing  (123) into 

(1 25) and compar ing  coefficients, the canonica l  f o r m  (69) ( o r ,  equiva-  

lently (57)) is r ecove red  immediately.  

form (57),  which is valid whether  o r  not the l i  a r e  dis t inct ,  w a s  called 

the "Genera l ized  L u r ' e  Canonical F o r m .  I '  

1 

1 

I t  is for  this r e a s o n  that the 

In a subsequent  paper  [ l l ]  , a n  expl ic i t ,  analytic,  non- s ingu la r ,  

nonline a r  t r a n s  f o r ma t i on 

wi l l  be  def ined which t r a n s f o r m s  the Genera l i zed  L u r ' e  Form ( 5 7 ) .  for 

cons t an t  4,. into the s i m p l e s t  possible canonica l  f o r m ,  namely  

n 
Q = + O e  . 

The use of (57)  in the f o r m  (125),  which is valid whether  o r  not the X i  
are dis t inct ,  is the key to a very  d i r e c t  proof of the i m p o r t a n t  r e s u l t  

(1 28). 
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I '  
t 

S U M b l A R  Y 

t 

i. 
I 

A.  h la jo r  De!init:oris arid Ident i t ies  

For the  system x = A x  t avo, in g e n e r a l  

a ( s )  = d e t ( s 1  - A )  = s" t a s n - l  + . . . t c r  = o ,  n -  1 0 

n 

s. = C n . * J - i  , (i = 0, l , - . - , n )  , s = o ,  
1 1 0 

j=i 

D = (a, Aa, * - ,An- '= )  , det D # 0 , 

D"b = e" , 

L = (b, A*b, * , (A*)*-'b) , 

D - l  = TL* = (S:b, S:b, - - , S*b)* , 
n 

n 
ti = I n j  e j - i t  1 , ( i  = 1 ,  2,. - , n),  

1 2  n T = (t , t  , * * . , t  ) , 
j=i  

i -1  
T - l  = ( T I ,  T2, * , T") ; n t j - i t 2  

* 

j= 0 ( i  = 1 ,  2,. - * , n),  

c-33 



v -  1 

j - 1  n n 1  
C =  ( - a o e  , e  - a  e , * * a  , e  1 

-a e n , . . .  l e  n -  1 - a  e") , n -  1 j -1  

For n roots xi of h(s) = 0 dis t inct :  

k - j t l  
n 

, 
j= 1 . i' k = j  

w = (2")" 
V n 

v = (v 1 2  , v  , * * * , V  n ) , vi = 1 (ki)J-'S?b , 
J 

j= 1 

u = (V")" , D * v = Z ,  

i Aui = Xiu , ui - b  = l /A'(Ai) , ( i =  1 , 2 , - . . , n )  

c- 34 



i .  

X 

L. 

I . '  

A3v 1 = 1.V i , v . a = l ,  i 
1 

n n 

i= 1 i =  1 

(i = 1, 2 ,  * - * , X I )  , 

B. Coordinate  Transformations in Vector  -,CIatrix F o r a  

0 

9 

C. 

€ 
( X i  # k,) 

Coordinate T r a n s i o r m a t i o n s  in Vector -Scalar Form 

X 

xi = xi 

U 

x = eisia 
i= 1 

n 
x = 1 t i U  i 

i= I 

e 

ei = ei 

i -  1 

ei = 1 pj*j+n-i+l 
j = O  

d 
E 

( X i #  1,) 

i Si = v ' X  

I 

i n 
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D. Canonical  F o r m s  in Vector -Matr ix  No ta t ion  

i = A x +  a4Jo e 

e = co t en lb0 1 

i = h c t u +  = e 1 2  t e t...+ e n ) . 
0 0 ’  

E. Canonical  Forms in Vector -Sca lar  Notat ion 

si = xisi  + +o , E i  = mi) I 

for 1. all dist inct ,  ( i  = 1 ,  2 ,  . . , n) . 
1 
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SUMMARY 

In this  pape r  the p rob lem of finding a subopt imal  c o n t r o l  i o r  a 

l i n e a r  s y s t e m  is solved. 

the cont ro l  chosen  does  not minimize  t h e  p e r f o r m a n c e  ir,dcs ur,dt.-r con-  

s i d e r a t i o n  but does  provide  upper  and l o w e r  bounds on t h e  p e r i o r n i a n c c  

The t e r m  subopt imal  i s  u s e d  t o  i n d i c a t t .  t h a t  

index.  

w h e r e  

The  s y s t e m  unde r  cons idera t ion  i s  d e s c r i b e d  by  

f = A x t a E ,  

x = n X L s t a t e  vec to r  

A = n X n plant  m a t r i x  

a = n X 1 vec to r  

5 = scalar con t ro l  to be chosen .  

The p e r f o r m a n c e  index is 

where 

JI,& (x) = pos i t ive  definite homogeneous mul t inomia l  i o rms  

.* of d e g r e e  2v 

T = stopping time ( taken  as fr.ee i n  this  p r o b l e m ) .  

T h e n  it wil l  be shown that E = - a - g r a d  V is a subop t ima l  con t ro l  

w h e r e  
Q 

v = 1p-p 2v 2v  ( X I  

v = l  
and  

+zv (x) = pos i t ive  homogeneous mul t inomia l  f o r m s  of 

d e g r e e  2u to  be chosen .  

'I 
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F u r t h e r  i t  will be shown that the cont ro l  la\vs 

- p  (a - grad  V) 

and 
P -K sa t  ( K a  - grad  V) 

lead to stable closed loop sys t ems  for K 2 1 and p 2 I / ? .  

INTRODC'C TION 

In opt imal  cont ro l  problems it is often d e s i r e d  to k e e p  c e r t a i n  

combina t ions  of the s t a t e  var iab les  belo\v allolvable bocnds. T h i s  p rob-  

lem c a n  be handled by using the combination of s t a t e  v a r i a b l e s  r a i s e d  to 

a l a r g e  even  power.  F o r  example,  if i t  i s  d e s i r e d  to keep x below K, a 

p e r f o r m a n c e  index of the f o r m  

used.  

T i 
[ ( x ~ / K ) ~ ~ -  o the r  t e r r n s l d t  m a y  be 

2u Motivation ,for this approach  l i e s  in the fac t  that  (x./K) will  b e  
1 

small so long as x .  < K  and w i l l  be l a r g e  whenever  x.  > K. 

t h i s  t e r m  tends to keep x ( t )  below K fo r  t in  the in t e rva l  [0 ,  TI. 
more g e n e r a l  p rob lem one .may wish to weight many s t a t e  v a r i a b l e s  

r a i s e d  to  a r b i t r a r i l y  high exponents.  

introducing a pe r fo rmance  index, 

Thus ,  bounding 
1 1 

-4s a 
1 

This  c a n  be accoAz?plished by 

Y 

w h e r e  OD 

th w h e r e  +2u is a homogeneous posit ive def ini te  2u- o r d e r  f o r m ,  and 

w h e r e  5 is the cont ro l  to  be chosen. 

The conditions on it m a y  also be s ta ted  by r equ i r ing  4,' 0 for  
2v 

x f  0 and + 2 v ( ~ )  p +2v (x) f o r  all r e a l  cI. 
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The quadra t i c  c o s t  of control  will allow de r iva t ion  of uppe r  and 

lower bounds on the valuc of thc pe r fo rmance  index. Lq o the r  words,  

the choice of a quadra t i c  c o s t  of  cont ro l  a l loxvs  one to solve the p r o b -  

lern. 

bound on con t ro l  of the i o r x  6 cit = K for some K. 

0 
Note also that (for each  fixed s this  c o r r e s p o n d s  t o  a quadra t i c  

r m  2 
-0 

T h i s  could be a n  ac tua l  constrairi t  o n  the s y s t e m ,  'silt t he  p r e s e n t  

p a p e r  wil l  not be concernthd xtrith this m a t t e r .  

quadra t i c  cons t r a in t  on con t ro l  c a n  be introduced into the prob!(-m by 

m e a n s  of Lagrange  m u i t i p i i r r s ,  although the dependence  of tht, mul t i -  

p l i e r  on x 

Suffice i t  to sa)- t h a t  the 

0 i s  not a s imple  problem.  

ln the development  which iolloxvs i t  \vi11 be s h o x n  kov. to p:ck a 
A 

subopt imal  cont ro l  6 = 6 .  Corresponding  to 5, t h e r e  a r e  tv.o n u m b c r s  

a and a, depending on the control  law chosen  and the ini t ia l  s t a t e  of the , 
s y s t e m ,  which bound a'' = m i n 4  f r o m  above and below. 

- - 
Tha t  i s ,  

s 

F u r t h e r ,  i t  will  be shown that i f  the con t ro l  1aLv.s p{ of Ksat[€i{!p] with 

K , p  1 1 /2  a r e  mechanized ,  the c losed  loop sg-stem is stctble in  a kno\vn 

neighborhood of the or igin.  

Assoc ia t ed  with ac tua l ly  finding this  c o n t r o l  is the problem of 

solving the equat ion 

- 
for  + (x), where  A is an  n X n  stabi l i ty  m a t r i x ,  + (x) is a given 

2v 2v 
pos i t ive-def in i te  homogeneous mult inomial  f o r m ,  and b Z v  (s) is the 

d e s i r e d  posi t ive-def ini te  homogeneous mul t inomia l  form. In the 

REMARKS sec t ion  a s i m p l e  procedure  for solving this  s y s t e m  of 

equat ions  is presen ted .  
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PRINCIPAL RESULTS 

I 

Cons ide r  the constant coefficient s y s t e m  of f i r s t  o r d e r  different ia l  

equat ions  

x = A x t a c  ( 1 )  

where  

x is a state var iab le  (an n-vector), 

A is an n X n ma t r ix ,  

a is a n  n X 1 m a t r i x  (n -vec to r ) ,  and 

( is the cont ro l  to be chosen.  

L e t  the prob lem be to minimize ,  o r  a t  l e a s t  approximate ly  mini -  

m i z e  the pe r fo rmance  index 

0 s u b j e c t  to (1) and the init ial  condition x(0) = x . Choose as a cont ro l  

law 

F u r t h e r ,  a s s u m e  that 

v = l  

2 v  

(x) must sa t i s fy  in o r d e r  that V qual i fy  as a Liapunov function for  (1) 

where i$2v(x) > 0, x f  0 and +,"(x) = P 

4 
are given below. Ln the c a s e  where p = 1,  upper  and lower bounds on 

(2) a r e  obtained. 

+2v (x) .  The condition which 

ZV 

Begin by defining V as i n  (4). T h e r e f o r e  
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and 

L 

i 
1 00 a 

? = x - c  (A- A " g r a d 9  2 u  (x) t a - 1  (A) g r a d &  2 v  (x) E .  
v = l  v = l  

Using (3 )  t h i s  becomes 

Now cons ide r  e a c h  t e r m  in ( 5 c )  sepa ra t e ly ;  ca l l  t hese  a and 

re  spec tively. F i r s t  cons ide r  

a 2 El = - P [  Z ( Z t ; ) a . g r a d +  (.I] = 'U 2 - ( p - l ) u  2 
2v 

v = l  

3 
i In what follows c e r t a i n  re la t ionships  between the 

a re  des i r ed .  
' s  and the + ' s  

2v 2v 
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Let  
F 

lc 
t c = C ' " > O  t . 'ir2(x) = x cx, 

J: 
Then t h e r e  e x i s t s  a n i a t r i s  B with B = B '  > 0 such  that 

* 
A7'B t BA - Baa*B = - C .  

F u r t h e r ,  Liapunov [ 1 , 2 ]  has shown that for e v e r y  stability- m a t r i x ,  

C,and e v e r y  homogeneous positive definite 2 w  E o r d e r  fo rm,  V(x), t h e r e  

e x i s t s  a unique homogeneous positive definite 2 v E  o r d e r  f o r m  T(x) 

s u c h  .that 

( 9) Gx= grad  T(x) = - V(x) . 

Xn the work below, for  w = 2, 3,  - , choose 

* G = x 3 A - a a  B, 

v =  
+ %v 

T = +*v . .  * 

Then ( 9 )  b e c o m e s  

k . g r a d  4 2v (x) = - + 2 v ( x ) ,  ( v  = 2, 3, - * 9 ) .  (10) 

t Note that  C need only be positive semi-def in i te  i f  the s y s t e m  is c o m -  
pletely ob,se.rvable with r e spec t  to H where  H is a p X n m a t r i x  such  
that C = H"H. See Refe rence  3 for  f u r t h e r  
d e t a i l s  of this.  

Here  p i s  the rank of C. 
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Return ing  to ( 5 c )  and ( 6 c )  i t  is seen that 9 may be wr i t t en  a s  

.I- 1- .*. 2 9  
V = + - x . A g r a d  1 6 (x) - L [ a . g r a d  O (s)] IiL)s * - A  g r a d  4 ( s ) s  . 2  x2v 2 v  2 2 a 

v = 2  - 

1 -z[a- 1 g r a d  b , ( x d  [ 1 (&)a. g rad  O (s) + 
n 

2 v  
v = 2  

Using +,(XI = X -  Bx, the f i rs t  two t e r m s  in (11) may be wr i t ten  as 

x [ A*B t BA - Baa'B]x. . ( 1  2) z 
However ,  by (8) the re  e x i s t s  a positive definite C such that  

the third and fourth expressions in (11) by noting g rad  o2 = 2Bx. Then 

these e x p r e s s i o n s  become  

-C = A s Bt BA - Baa * B. Again, usip,g 6 (x) = x .  Bx one m a y  sim?li fy 
2 

m 
= 2 (-$)[Ax - a a  * Bx] grad  +z (x) . 

V 

Lett ing = A - aa * B, ( 1  3b) becomes  

v = 2  

( 1  3b) 



Now a s s u m e  the 4 
equat ions  

' s  have been chosen  as in (10) s o  as to  sa t i s fy  the 
2v 

~ x x .  g r a d  + (XI = - + 2 v ( x ) ,  ( v  = 2 , 3 ;  - - )  . (14 )  2 v  

T h e n  (1 3c) b e c o m e s  

Return ing  to (1 l ) ,  collecting the l a s t  two e x p r e s s i o n s  by m e a n s  of 

(3b) and (4), and using (15) and 4 = x.Cx t h e r e  r e s u l t s  2 

Note that if (14) c a n  be sa t i s f ied  for  posi t ive definite f o r m s  t5 

must be a sui table  Liapunov function. 

all p 2 1/2 . 

(x), V 
F u r t h e r m o r e ,  (1) is s tab le  f o r  

2v 

Hence (3) is a stable cont ro l  1aLv. 

C o n s i d e r  the case for whichp = 1. 

in (16) b e c o m e s  -1/2.  

Then  6 = Q and the  coefficient 
2 of Integrating V f rom t =  0 to t = ~  yields  

w h e r e  V ( x ( m ) )  = 0 because  of the s tabi l i ty  of the s y s t e m .  

Now by the  theory of minimizat ion of posi t ive definite q u a d r a t i c  

forms in the s t a t e  v a r i a b l e s  with q u a d r a t i c  c o s t  of cont ro l  [3 ]  it is 

known that for a r b i t r a r y  f, 

However ,  b e c a u s e  of the positive def in i teness  of the 4 
clear t h a t  ' 

(x) i t  is also 
2 v  
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v = l  

In conclusion, using (18) and (19) yields  

1 0  - 4 bo). s [ b + z c  1 2  ]dt 5 2 x - B ~ ~ -  $ ( ' )  
2 v  2 v  -X - B x  2 

v = 2  

Thus the preceding  construct ions have bocndrd the give3 p e r f o r m a n c e  

index f r o m  above and below. 

Note that  if the o r ig ina l  ma t r ix  -4 corres?onds to a sz i tab le  

a sympto t i ca l ly  s table  s y s t e m ,  the 3rocess of stabi l iz ing the s y s t e m  by 

l i n e a r  feedback may be omitted.  

f o r m a n c e  index then is 

-4n upper  and lower bound on the p e r -  

Note a l s o  that  the r e s u l t  of Rekas ius  [4] i s  a very spec ia l  c a s e  of 

(ZO), namely ,  that  in which 

6 E 0 ,  ( v  = 3,4; * )  . 2v 
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As r e g a r d s  the d i sadvmtages  of this technique, note that the 

number  of t e r m s  in for  a chosen +2u may be a s  l a rge  a s  2 v  

n ( n t  I ) * - .  (n+ 2 v  - 1) N =  
( 2 u ) l  

F o r  a fifth o r d e r  sys t em Lvith v = 2 this number  S = 70. 

T h i s  imp l i e s  that  it might be n e c e s s a r y  to invert  a 70 X 70 m a t r i x  

f o r  the example  given. 

p r o b l e m  of inve r s ion  of this ma t r ix  to that of the de te rmina t ion  of the 

eigenfunct ions of the x* matr ix .  

in the r e m a r k s  sec t ion  at *.e end of this appendix.  

mechan ized  is K s a t  [pr(x) /K]  and not ( ~ ( x ) ;  I t  is the re fo re  d e s i r a b l e  to 

d e t e r m i n e  the reg ion  for x h i c h  this  con t ro l  law i s  s table .  

again (1) with 

The authors  have found a way to reduce the 

The background for this is p re sen ted  

h many con t ro l  problems &he cont ro l  law Lvhich c a n  actual ly  be 

Cons ider  

s g n [ d D  l e l r l ;  

( 2 3 4  I l e l s l D  

6 = K sat&r)  s a t  [ e ]  = 

Q = -a. grad  t', 

u = l  

Then following the s a m e  lines a s  when i t  is shown that p u  yie lds  

s t ab le  con t ro l  t h e r e  may be obtained for the e x p r e s s i o n  

D-10 



Consider  two c a s e s  (i) and (ii). For  (i) le t  

5 (&-)asgrad6  2 v  (s) 

v = l  

and for (ii) le t  

5 1 

I v = l  I 

Then for (i) 

25 

since 

v = l  

Xn this  case is negative definite whez p 2 1/2.  F o r  (ii), 

and it is certain that  V is negative defizte. yxhen 

r I r I s  1 

which can  be wri t ten m o r e  explicitly as 

2 K r  I 2 &-)amgrad  Q 2 v  (x) 
I v = l  I 
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T h i s  inequal i ty  d e t e r m i n e s  the domain i n  the s t a t c  space  for which 

this  c losed  loop s y s t e m  will be asymptot ical ly  s table .  

t ion of (22)  i t  may be des i r ab le  to obtain a some\vhat  s m a l l e r  but m o r e  

e a s i l y  de t e rmined  region.  

In ac tua l  app l i ca -  

CONCLUSIONS 

A method h a s  been  developed for  dc t e rmin ing  upper  and 1o\ver 

bounds on a spec i f ic  c l a s s  of pe r fo rmance  ind ices .  

e a c h  index in this  c l a s s  cons i s t s  of an infinite s u m  of posi t ive definite 

2u- o r d e r  f o r m s .  

The in tegrand  of 

th 

A con t ro l  was  found f o r  which co r re spond ing  bounds o n  the p e r -  

f o r m a n c e  index may be computed. 

loop s y s t e m  was  s tudied in detail  Lvhen t h e  chosen  con t ro l  va r i ed  e i t h c r  

by le t t ing i t  s a t u r a t e  o r  by multipling i t  by a constant .  

Also, the  s tabi l i ty  of the c losed  

T h e  p e r f o r m a n c e  index chosen h a s  d i r e c t  appl icat ion to p r o b l e m s  

w h e r e  it is d e s i r e d  to keep c e r t a i n  combina t ions  of the s t a t e  v a r i a b l e s  

wi th in  p re spec i f i ed  alloxvable bounds. 

REMARKS 

th P r e s e n t e d  h e r e  a r e  s o m e  facts concern ing  2v-  o r d e r  f o r m s .  

R e f e r r i n g  to  ( l o ) ,  cons t ruc t ion  of a sub-op t ima l  con t ro l  depends on 

solving the equat ion 

f o r  +,, (x). T h i s  r e l a t ion  actually r e p r e s e n t s  

n(n+ 1). ( n +  2 v  - 1) 
( 2 v ) l  N =  

l i n e a r  equat ions  in  N unknown. 

d i f f e ren t  t e r m s  in  the 2u- o r d e r  f o r m  4 
p r e s e n t e d  by  

The unknowns a r e  the coeff ic ients  of the 
th (x) .  Thus  (27)  may be r e -  

2v  

a b  = c 
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w h e r e  

f -  

b =  

I 
t 

t 

C 

and 

known Q (x) and the C. ' s  r e p r e s e n t  the knoLvns in  + (x ) .  In o r d e r  to 

s o l v e  for b i t  is n e c e s s a r y  to effectively i n v e r t  a. This  could be 

accomplished by s tandard  techniques.  T h a t  is, jus t  w r i t e  out the 

re la t ionships  involved and solve f o r  the b ' s .  

q u i r e  a cons iderable  amount  of a l g e b r a  even  l o r  s i m p l e  p rob lems .  

example ,  i f  n = 5 and 2 v  = 4, then S = 7 0 .  

is an N X N matrix. The b . ' s  r e p r e s e n t  coefficients in t h e  un- 
1 

2v 1 2 v  

This  hoxvever t\,ould r e -  
i 

F o r  

As an a l te rna t ive  one might find the N e i g e n v e c t o r s  u l  a and 

expand C along these  e igenvec tors ;  the knoxvn p r o p e r t i e s  of eigem-unction 

expans ions  could then be exploited. 

The  p r e v i o u s  s t a t e m e n t s  may be developed a1gcbra:caIIy as 

follows. 

Let dk be such  that  

f u r t h e r  let 

N 

If- 
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and  a s s u m e  

E. N 

b = 2 Tkdk 
k= 1 

Then a s s u m i n g  uniqueness  one has  

k’ 
which in tu rn  r equ i r e s  finding the eigeniunctions o i  pos i t i ve  dciinite 

homogenous f o r m s .  

Malkin [2] shows that the eigenvalues of a r e  given by  

p = mlX t-• e t  m X 

are r e s t r i c t e d  by 

T h e  effect iveness  of this method r equ i r e s  obtaining d and p. k 

Fortunately this  has  a l r eady  been worked out. 

- 
where  the A .  a r e  the eigenvalues and of A the m n n  1 i 

n 
P 

m 2 0 ,  i 2 mi = 2~ and 
i= 1 

A l s o  the d 

s ib le  va lues  of the mi. , The coeff ic ients  of the t e r m s  in  the l i nea r  

f o r m s  are given by the eigenvectors  of x*. 

a r e  given by products of l i nea r  f o r m s  r a i sed  to the p e r m i s -  k 

A s i m p l e  example  of the preceding s t a t e m e n t s  will i l l u s t r a t e  this  

Let A = (-z -\); then the eigenvalues  of A” a r e  -2 ,  -1; and  

U 

technique of invert ing Q . 

the cor re spond ing  e igenvec tors  a r e  ( i )  and (:>. Now l e t  i t  be d e s i r e d  - 4 
to so lve  the equation A .  g r a d  Q (x) = - 9,(x) and le t  + (x) = (x 1 2  t x ) . 

0 

4 4 

0 - 1 4  
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Then the d k l s  and p ' s  a r e  given by k 

3 d2 = (x t x  ) (2x ts,)  , 

d j  = (xl  t x , )  (2x t x  

d4 = (x 1 2 1 2  t x  )(2x t x  ) 

Fz = - 7  9 

P3 = - 6  8 

1 2  1 ,  

2 . 2  , 1 2  

3 , P f  = - 5  9 

p j  = - 4 .  d5 = (2x1 +x2)  4 , 

Solving for the coefficients in the eigenespansion of Q (x) yields  4 

+,(XI = -(x 1 T x  ) 4 . 8 1  2 

A word h e r e  is in o r d e r  concerning the technique f o r  expanding cl (s) 

in eigenfunctions. 

trating this. L e t  

4 
Again an esa.r,pie is a convenient m a n n e r  for  i!lus- 

2 2  4 
1 2  2 q x )  = x x + x  

a n d l e t  the eigenfunctions be the s a m e  as  in the prev ious  example .  

it is only n e c e s s a r y  to wr i te  x 

Then 

and x 1 2 in t e r m s  of the l i n e a r  f o r m s  

(xl tx,) and (2x1 t x  ) .  The p r o p e r  expansions a r e  2 

x2 = 2(Xl t x 2 )  - (2x t x  ) . 1 2  x1 = (zxl + X 2 )  - (xl  +x,) 9 

Let 

x +x2  = Q ,  2 x l t X 2  = p . 1 
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Expanding the expres s ions  in Q, p a n d  noting that 

4 d l  - - o , , d2 = ,r3p 

y i e l d s  the d e s i r e d  ex?ar;sian. 
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